DP Analysis & Approaches SL / HL

Maths with Lemon
Lesson 9.2 Integration by Substitution

Mathematician:

SL 5.10

Guidance, clarification and syllabus links

The composites of any of these with the linear
function ax + b.

Example:

f'(x) = cos(2z + 3) = f(x)

1
5 sin(2x +3) + C

dx

Integration by inspection (reverse chain rule) or by | Examples:
substitution for expressions of the form: _
/2:{;($2+1)4 dz, /435 sin(2?) du, / ST
[ @ 19(a) da
Warm Up
Find the indefinite integral of each of the following.
1 1 1
a) f(r) = 527 b) g(z) = 822 — 2+ — ¢) hz) = — + -
Zz Zz

Integration by Substitution (Reverse Chain Rule)

The chain rule gives us that

< (gl = o) -o'(2).

We can also work backwards if we correcitly identify the functions that are present:

/ f(g(z) g (z)d

Example 1

X

fg(x)) + C.

/(5x +4)° dx

Step 1:
Step 2:
Step 3:
Step 4:
Step 5:
Step 6:

Set the inner function as u.
Find the derivative of w.

Solve for dz.

Substitute in terms of « and du.
Integrate with respect to u.
Substitute back to terms of .



Example 2

Example 3

Example 4

Example 5

Example 6

/ (3x +2)*dx

/ 32t +4)°dt

/de

/tQ(t?’ v 4772 df

/cos(?x +1)dz



Example 7

/sinlo xcoszdx

Example 8
(vVz—1)?

/ E dz

Example 9
/ Va3 + 22 (3z% + 2x) dx

Example 10

/6:1:/71'+1/3 dr
Example 11
Given that

d
% = zsin(3z?),

find an expression for y in terms of x.



Example 12
Find

Example 13
Find

Example 14
Find

/\/:E4 + z2dx.

/tanx dz.



Solutions

Lesson 9.2 Integration by Substitution

Warm Up
a)
/5x7d:c—5 x_S +C—§:1:8—|—C
-8 |8 |
b)
/ (8% — 24 27?) da
/2 1
— —_— —2 J———
8(5/2> B x+0
- Emf’/Q—Zm—l#—C.
3] 75
c)
& =) 1
/(:p3+x 8 dx:—2—932+1n|$|+0.
L g |lz| +C
2,_'['2 n|x

Examples 1-3

Example 1
1
=5z + 4 Fl =" ) da::gdu.
Therefore
/(5x+4)5d1:— 1/u5du— U—G—i-C’
5 =X
(5z +4)°
— |
30 S
Example 2
u =3z + 2, du = 3 dx)
1 2
/(3x+2)4d1’: §/u4du: %—FC.
Example 3
u i du = 3tdt.
Hence

3 46
/3t2(t3+4)5dt:/u5du: t J6r ) +C|.




Examples 4-8

Example 4

Example 5

Example 6

Example 7

Example 8
Let

Then

Thus

u=4x — 5, ok = A,

1 1
/\/4x—5dxzzl/u1/2du: 6<4$—5)3/2+C.

u=1t3+4, du = 3t3dt.

1 2
/tz(t3+4)1/2dt: g/ul/Qdu: VP +4+C|

wISAN2z L du = 2dx.

i 1
/cos(2x+ ldz = i/cosudu = 55111(2:6—1— 1)+ C|

u = sinz, du = cosz dzx.

>
. sin* x
/smloxcosxdx = /ulodu = + C'|.

Ll

1
du =o—=d — = 2du.
U Qﬁx = \/5 U

L 1N2
PV, e o

(Vz—12+C

[GCH )




Examples 9-12

Example 9
Let

Then

Therefore

Example 10
Let

Then

Hence

Example 11
Since

we have

Let

Then

Therefore

Example 12

First simplify:

Therefore

u:x3+x2.

du = (32° + 2z)dx.

2
/‘/$3+x2(3x2+2x)dx:/ul/Qdu: §($3+x2)3/2+c_

du:—lda: = dxr = —mdu.
T

/em/’r+1/3dx = —W/e“du =

d

i

_ﬂ_e*x/ﬂ+1/3 el

d_y =7 sin(312),

Yt /:L'sin(SxQ)dx.

w= 32, du = 6z d%g

1 I
Y= g/sinudu == —acosu—kC.

Y

1
e cos(3z%) + C|.

T

(&

—2x
—ip v

=rCt G

el‘

—3x

1
/(ex —e2%)dz = e + 56_3“ +C.

3

1
e" + e+ C




Examples 13-14
Example 13

For z > 0,

Let

Then

Thus

For z < 0,

Example 14
Rewrite

Let

Then

Therefore

or equivalently

Vot 422 = \/22(22 + 1) = |z|V22 + 1.
/\/a:4+x2dx:/x\/x2+1dx.

u=2x%+1, du = 2z dx.

1 1/2 L 5/
h Gl Rl ]
2/u U 3u +C

|
g(x2+1)3/2+0, a9 (0

1 y
—5(1}2 + 1)3/2 + C .

sinx

tanzr = .
COS T
U = COS T, du = —sinx dx.

1
/tanazd:c:—/—du:—lnlu|+0.
u
—In|cosz| +C

In|secz|+ C|.




Maths with Lemon

Mathematics made clear.



